Abstract. Inspired by recent work of I. Baoulina, we give a simultaneous generalization of the theorems of Chevalley-Warning and Morlaye.
Introduction
Let F q be a finite field of order q = p f .
Our point of departure is this recent result, established using a Coefficient Formula of Schauz [Sc08a] .
Theorem 1.1. (Restricted Variable Chevalley-Warning [Cl14])
Let P 1 , . . . , P r ∈ F q [t 1 , . . . , t n ] be polynomials. For 1 ≤ i ≤ n, let ∅ = X i ⊆ F q , and let ϕ i (t) = xi∈Xi (t − x i ) ∈ F q [t]. Put X := n i=1 X i . We suppose:
(1) (q − 1)
(#X i − 1) .
Put V X = {x ∈ X | P 1 (x) = . . . = P r (x) = 0}. Then we have:
Remark 1.2. a) It follows from (2) that #V X = 1. This is the Restricted Variable Chevalley Theorem of Schauz [Sc08a] and Brink [Br11] . b) Take X i = F q for all i, and suppose (1) holds, i.e., r j=1 deg(P j ) < n. Then for all i we have ϕ i (t) = t q − t and ϕ i (t) = −1, so x∈Vx (−1) [Wa35] . In this note we will use Theorem 1.1 to deduce the following result.
We suppose:
1 , . . . , x mn n ) = 0}. The proof of Theorem 1.3 inspired by work of Baoulina [Ba17] , which restricts variables to the value sets f 1 (F q ), . . . , f n (F q ) of polynomials f 1 , . . . , f n ∈ F q [t].
Taking m i = 1 for all i in Theorem 1.3 recovers Chevalley-Warning. Taking r = 1 and P 1 linear recovers the following result.
This does not apply to the general case: consider e.g. t 
Proof of the Main Theorem
We begin with the following special case of Theorem 1.1.
there is y = (y 1 , . . . , y n ) ∈ F n q with (f 1 (x 1 ), . . . , f n (x n )) = (f 1 (y 1 ), . . . , f n (y n )) and P 1 (f 1 (y 1 ), . . . , f n (y n )) = . . . = P r (f 1 (y 1 ), . . . , f n (y n )) = 0. 
and thus (when deg(f i ) ≥ 1 for all i) the following condition implies (5):
} be the set of dth powers in F q , and let ϕ(t) = x∈X (t − x). Then: a) We have ϕ (0) = −1. b) For all x ∈ X \ {0}, we have ϕ (x) = −1 d .
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Proof. Since ϕ(t) = x∈X (t − x), we have 
where b runs from 1 to
(1 − ζ c ).
and evaluating at X = 1 gives ϕ (x) =
Now we give the proof of Theorem 1.3. Put
and for x = (x 1 , . . . ,
For each x i ∈ X i , there are e i (x i ) elements y of F q such that y mi = x i and thus each (x 1 , . . . , x n ) ∈ V X corresponds to e(x) elements (y 1 , . . . , y n ) ∈ S such that (y m1 1 , . . . , y mn n ) = (x 1 , . . . , x n ). Applying Proposition 2.1a) and Lemma 2.3, we get
It follows that p | #S, completing the proof of Theorem 1.3.
Final Remarks
In In the setting of Theorem 1.4 -i.e., one diagonal equation -higher p-adic divisibilities were shown by Joly [Jo71] in certain cases. (Joly also showed Theorem 1.4 in certain cases, including when q = p.) Joly conjectured that (Q1) has an affirmative answer here as well, i.e., that q | z in all cases. This was proved by Wan [Wa88] , and his result also addresses (Q2). 
